The computation of exclusive QCD jet observables at higher orders requires a method for the subtraction of infrared singular configurations arising from multiple radiation of real partons. One commonly used method at next-to-leading order (NLO) is based on the antenna factorization of colour-ordered matrix elements, and uses antenna functions to subtract the real radiation singularities. Up to now, NLO antenna functions could be derived in a systematic manner only for hard quark-antiquark pairs, while the gluon-gluon and quark-gluon antenna functions were constructed from their limiting behaviour. In this paper, we show that antenna functions for hard quark-gluon pairs can be systematically derived from an effective Lagrangian describing heavy neutralino decay. The infrared structure of the colour-ordered neutralino decay matrix elements at NLO and NNLO is shown to agree with the structure observed for parton radiation off a quark-gluon antenna.
Introduction
Experimental measurements of jet production observables are among the most sensitive tests of the theory of Quantum Chromodynamics (QCD), and yield very accurate determinations of QCD parameters [1] , especially of the strong coupling constant α s . At present, the precision of many of these determinations is limited not by the quality of the experimental data, but by the error on the theoretical (next-to-leading order, NLO) calculations used for the extraction of the QCD parameters. To improve upon this situation, an extension of the theoretical calculations to next-to-next-to-leading order (NNLO) is therefore mandatory.
In the recent past, many ingredients to NNLO calculations of collider observables have been derived, including the universal three-loop QCD splitting functions [2] which governs the evolution of parton distribution functions at NNLO. The massless two-loop 2 → 2 and 1 → 3 matrix elements relevant to NNLO jet production have been computed [3] using several innovative methods [4] , and are now available for all processes of phenomenological relevance. The one-loop corrections to 2 → 3 and 1 → 4 matrix elements have been known for longer and form part of NLO calculations of the respective multi-jet observables [5, 6] . These NLO matrix elements naturally contribute to NNLO jet observables of lower multiplicity if one of the partons involved becomes soft or collinear [7] . In these cases, the infrared singular parts of the matrix elements need to be extracted and integrated over the phase space appropriate to the unresolved configuration to make the infrared pole structure explicit. Methods for the extraction of soft and collinear limits of one-loop matrix elements are worked out in detail in the literature [8] . As a final ingredient, contributions from the tree level 2 → 4 and 1 → 5 processes also contribute to (2 → 2)-and (1 → 3)-type jet observables at NNLO. These contain double real radiation singularities corresponding to two partons becoming simultaneously soft and/or collinear [9, 10] . To determine the contribution to NNLO jet observables from these configurations, one has to find two-parton subtraction terms which coincide with the full matrix element and are still sufficiently simple to be integrated analytically in order to cancel their infrared pole structure with the two-loop virtual and the one-loop single-unresolved contributions. Several methods have been proposed recently to accomplish this task [11] . Up to now, only one method has been fully worked through for an observable of physical interest: using the sector decomposition algorithm [12, 13] to analytically decompose both phase space and loop integrals into their Laurent expansion in dimensional regularization, and subsequent numerical computation of the coefficients of this expansion, results were obtained for e + e − → 2j [14] and pp → H + X [15] at NNLO. In contrast to all other approaches, in the sector decomposition method one does not have to integrate the subtraction term analytically.
In [16] , we described the construction of NNLO subtraction terms for e + e − → 2j based on full fourparton tree-level and three-parton one-loop matrix elements, which can be integrated analytically over the appropriate phase spaces [13] . Subtraction terms derived from full matrix elements can be viewed as antenna functions, encapsulating all singular limits due to unresolved partonic emission between two colour-connected hard partons [6, 17] . In particular, process-independent antenna functions describing arbitrary QCD multiparticle processes can be directly related to three-parton matrix elements at NLO (one unresolved parton radiating between two colour-connected hard partons) and four-parton matrix elements at NNLO (two unresolved partons radiating between two colour-connected hard partons).
Up to now, antenna subtraction terms (at NLO) were obtained by construction (i.e. by inspecting all limits they had to contain), in part from the full matrix elements, and in part by using supersymmetric (SUSY) relations between matrix elements containing fermions and bosons [6] . A systematic procedure to derive antenna functions at NLO and beyond is not available up to now: this paper aims to contribute to such a formalism by showing that quark-gluon antenna functions can be derived systematically from physical matrix elements obtained from an effective Lagrangian.
The NNLO subtraction terms derived from four-parton matrix elements with a hard quark-antiquark pair in [16] were used subsequently [18] to compute the α 3 s C 3 F -correction to e + e − → 3j at NNLO. To extend this calculation to the remaining colour factors, further subtraction terms must be derived. In particular, the subtraction terms of [16] are sufficient only for processes where unresolved partons are radiated from hard quark-antiquark pairs: they form the quark-antiquark antenna functions at NNLO. Besides quark-antiquark antennae, e + e − → 3j also contains radiation from hard quark-gluon pairs, the quark-gluon antenna function.
In the spirit of [16] , it should be possible to extract these antenna functions from the matrix elements appearing in the NLO and NNLO corrections to a physical one-particle decay process yielding a quark-gluon final state at leading order. It is the purpose of this letter to show that such a process can be described by an appropriate colour ordering of the decay of a massive neutralino into a massless gluino and a gluon, and to derive the resulting quark-gluon antenna subtraction terms at NLO and NNLO.
Effective Lagrangian and Feynman rules
To obtain the correct quantum numbers for a quark-gluon antenna function, one has to consider the decay of an off-shell spin-1/2 particle into an on-shell spin-1/2 particle (massless quark) and an on-shell spin-1 particle (gluon). Since the final state quark is in the triplet representation of SU (3), while the gluon is in the octet representation, this implies that the initial state spin-1/2 off-shell particle should also be in the triplet representation. SU (3) gauge invariance does however forbid external off-shell states.
In the colour-ordered formulation of QCD tree-level amplitudes [19, 20] , one decouples the colour quantum numbers of the partons from their Lorentz and Dirac structure. Using this formulation, one can in particular represent a parton in the adjoint representation as superposition of two partons (with identical momenta) in the fundamental representation. It is thus possible to construct the colour ordered quark-gluon antenna functions from the SU (3) gauge-invariant decay of an off-shell spin-1/2 singlet state (neutralino) into a spin-1/2 octet state (massless gluino) and a spin-1 octet state (gluon), as we shall show below.
This decay process occurs in the minimal supersymmetric standard model (MSSM, [21] ), where it is mediated through a loop involving supersymmetric particles. For the purpose of this study, it is sufficient to describe this process through an effective Lagrangian, whose parameters are obtained by integrating out the virtual particles in the loop. In the context of the electroweak sector of the MSSM, this effective Lagrangian was first derived by Haber and Wyler [22] , to describe heavy neutralino decay into a light neutralino and a photon. Its generalization to neutralino decay into gluino and gluon is straightforward:
which couples a gluino (ψ ã g ) and a neutralino (ψχ) to the QCD field strength tensor F a µν . The coupling η has inverse mass dimension, and the commutator of the γ-matrices is
It should be noted that this process was discussed previously in the literature in [23] , where however no effective Lagrangian was stated. The Feynman rules following from the Lagrangian (2.1) are
where the arrow indicates the direction of fermion flow. It should be noted that Majorana particles also have a fermion flow direction, which does however not coincide with the fermion number flow. The momenta are always incoming.
Besides these Feynman rules and the standard QCD Feynman rules, one needs moreover the Feynman rule for the gluon-gluino-gluino coupling [24] 
The effective coupling η can be computed in the MSSM, it was discussed in [22, 23] . In the present context, its value is irrelevant, but we do have to take into account that η is renormalized at one loop. Its QCD renormalization constant reads
In SUSY QCD, both Z η and β 0 are modified. Throughout this paper, we systematically ignore the SUSY QCD corrections and restrict ourselves to the subclass of contributions which preserve the QCD renormalizations (2.4) and (2.5).
Colour-ordered amplitudes in neutralino decay
The basic process for the decay of a neutralino into a gluino plus partons isχ(q) →g(p 1 )g(p 3 ). Its amplitude reads iηδ a1a3 M 0 gg (p 1 , p 3 ) . To display the colour-ordered structure of this amplitude, and to illustrate the relation to quark-gluon amplitudes, we multiply it with √ 2T a1 i1i2 [20] . In the squared amplitude, this factor corresponds to inserting unity since
The resulting amplitude is then
From this structure, it can be seen that the amplitude contains two colour connected (hard) partons and therefore two antennae:
1. A quark-gluon antenna, with quark momentum p 1 , quark colour index i 1 , gluon momentum p 3 and gluon colour index a 3 .
2. An antiquark-gluon antenna, with antiquark momentum p 1 , antiquark colour index i 2 , gluon momentum p 3 and gluon colour index a 3 .
This derivation is displayed pictorially in Figure 1 . It becomes evident that the Majorana nature of the gluino allows it to represent both a quark and an anti-quark.
The squared matrix element is
T 0 gg (q 2 ) serves as normalization for antenna functions obtained from higher order corrections to this matrix element. To demonstrate the cancellation of infrared divergences at NLO, we compute the renormalized one-loop QCD correction to theχ(q) →g(p 1 )g(p 3 ) decay,
The infrared poles of this one-loop correction can be expressed in terms of the infrared singularity operator [25] 
as
5)
This expression has to be compared to the 2ReI (1)(ǫ, q 2 ), which is obtained in the decay of a virtual photon into a quark-antiquark pair γ * →at one loop [16] . The factor 4 in (3.5) appears since the leading order processχ →gg contains two distinct quark-gluon antennae, in contrast to the single quark-antiquark antenna contained in γ * → qq.
NLO antenna functions
Two different emissions off a quark-gluon pair appear at NLO: either the emission of an additional gluon or the splitting of the gluon into a quark-antiquark pair. In the context of the neutralino decay, these correspond to the tree level processesχ →ggg andχ →gqq.
The tree level amplitude forχ(q) →g(p 1 )g(p 3 )g(p 4 ) contains only a single colour structure, f a1a3a4 . In order to relate this colour structure to the colour-ordered quark-gluon antennae, we multiply with √ 2T a1 i1i2 :
showing that the two colour-ordered amplitudes in this matrix element (corresponding to the two different orderings of the gluons along the quark-antiquark i 1 i 2 colour line) are equivalent to each other up to an overall sign because of the identical momenta of quark and antiquark. Squaring the matrix element and dividing by a symmetry factor to account for identical gluons in the final state yields 
3)
The behaviour of this matrix element in the kinematical limits where one parton becomes unresolved is as follows:
1. Collinear limits: 4) with z being the momentum fraction of one of the collinear partons and the splitting functions
2. Soft limits: Comparing these limits to the limits of colour-ordered QCD matrix elements, one observes that the collinear q → qg limit contains a colour factor N/2 in QCD, while the collinearg →gg limit derived here contains a colour factor N . This is precisely what was expected from the discussion in the previous section, since the neutralino decay matrix element considered here contains both a quark-gluon and an antiquark-gluon antenna. On the other hand, the collinear g → gg limit appears here with the same colour factor as in colour ordered QCD matrix elements, indicating that the collinear g → gg limit is to be split between both antenna functions, as discussed in [6, 17] . Finally, the matrix element derived here contains two soft limits with the soft eikonal factors as expected in QCD, again reflecting the presence of two antennae. Integration over the dipole phase space [13] yields
The tree level amplitude forχ(q) →g(p 1 )q(p 3 )q(p 4 ) contains only a single colour structure T a1 i3i4 , which is again contracted with
yielding The only singular configuration contained in this matrix element is the collinear quark-antiquark limit, which is as follows:
with the collinear splitting function
Integration over the dipole phase space [13] and summing over final state quark flavours yields
(4.11)
Summing over both three parton final states, we find
such that the NLO corrected neutralino decay rate into gluino plus partons is finite:
It has to be emphasised in this context that we considered here only the QCD corrections to the neutralino decay, not the SUSY QCD corrections. At NLO, inclusion of SUSY QCD corrections would both modify the renormalization (2.4) of the effective coupling η, and include a real radiation contribution from the three gluino final state (which has however the same singularity structure as thegqq final state). The omission of these corrections is deliberate, since we want to derive the QCD quark-gluon antenna functions. In the following section, we demonstrate that the NNLO infrared singularity structure of QCD quark-gluon antenna functions is reproduced correctly by the QCD corrections to neutralino decay into gluino plus partons.
Structure of NNLO antenna functions
In the NNLO calculation of jet observables, two different types of antenna functions are required: (a) the one-loop correction to the three-parton antenna functions which appeared at NLO in tree-level form, and (b) the tree-level four-parton antenna functions. In this section, we present all neutralino decay matrix elements needed for the derivation of these antenna functions, and demonstrate that these matrix elements contain the same infrared singularities as processes involving final state emission off a quark-gluon antenna. The renormalized one-loop corrections to the three-parton antenna functions have the same colour structure as their tree level counterparts listed above. In their computation, closed gluino loops are omitted, since these form part of the SUSY QCD corrections. Consequently, renormalization of the coupling constant is done using the QCD β-function. To expose the infrared structure of the resulting one-loop matrix elements, they are integrated over the corresponding dipole phase space [13] , yielding 
Two different four-parton final states appear in the quark-gluon antenna functions at NNLO: qggg and′q′ g. The Lorentz and Dirac structure of these antenna functions is contained in the neutralino decay processesχ →gggg andχ →gqqg. In contrast to the tree level three-parton neutralino decay matrix elements, which contained only one non-trivial colour ordering each, these four-parton matrix elements both contain several colour-orderings.
To expose the colour-ordered subamplitudes contributing toχ(q) →g(p 1 )g(p 3 )g(p 4 )g(p 5 ), we again contract the amplitude with √ 2T a1 i1i2 . The amplitude can then be expressed as sum over the permutations of the gluon colour indices: (3, 4, 5) (
where the sum runs only over cyclic permutations, since the colour-ordered amplitudes M 0 g1ggg each contain the difference of two colour-orderings which are inverse to each other, as shown in Figure 2 . It can be shown that the 1/N -term in the above expression does not contribute to the physical scattering amplitude [20] .
The resulting squared matrix element, averaged over identical final state gluon permutations is
It should be noted that this squared matrix element contains only the leading colour term obtained from the squares of the individual colour-ordered amplitudes, as expected in the colour ordered formulation for a process with three gluons [19, 20] . The tree level amplitude forχ(q) →g(p 1 )q(p 3 )q(p 4 )g(p 5 ), contracted with √ 2T a1 i1i2 contains three colour structures, Figure 2 : Colour flow contained in the colour ordered amplitude M 0 gggg (p 1 , p i , p j , p k ) contributing to the tree level decayχ →gggg. The relation between leading and subleading colour ordered amplitudes is
The squared matrix element reads
It can be seen that this neutralino decay matrix element contains the same colour-ordered antenna structures, displayed in Figure 3 , as the five-parton matrix element γ * →′q′ g [9] , relevant to e + e − → 3j at NNLO: gluon (p 5 ) emission between the colour-connected pairs (p 1 ,p 3 ) and (p 1 ,p 4 ) at leading colour, and gluon emission inside the (p 3 ,p 4 ) pair at subleading colour. In the latter case, the (p 3 ,p 5 ,p 4 ) system forms a colour singlet, such that the gluon p 5 acts as a photon and p 1 becomes a photino which decouples completely from any singular limit.
The four-parton tree-level neutralino matrix elements can be integrated over the tripole phase space [13] , thus making their infrared singularity structure explicit, The sum of all NNLO subtraction terms yields the following infrared pole structure, which can be expressed in terms of NNLO infrared singularity operators [25] ,
where β 0 is the first term of the QCD β-function (2.5) and the constant K (5.12) This structure coincides precisely with the singularity structure predicted in [25] for the purely virtual (twoloop times tree plus one-loop self-interference) NNLO corrections to a tree level process containing two quark-gluon antenna functions. The final state dependent constant H
gg (ǫ, q 2 ) contributes only at O(ǫ −1 ):
It can be related to the known constants determining the ǫ −1 poles of four-parton two-loop matrix elements involving i quarks and j gluons [3] : 5.14) with In these equations, we decomposed the H (2) i according to their colour structures. The coefficient (N 2 + 1) in front of the subleading colour contribution to H (2) q arises due to the fact that abelian diagrams contributing to qgggq final states carry this colour structure, such that the generic (planar) leading colour contribution is given by just the first term in H (2) q (see also Equation (3.6) of [9] ).
It can be seen that H (2) g contains twice the leading colour and the flavour dependent terms of H (2) q . The subleading colour term is absent, and the last term can be identified with the contribution to H (2) q from singularities arising from final states containing two quark-antiquark pairs of identical flavour (Equation (4.51) of [16] ) 1 .
Equations (5.11) and (5.15 ) demonstrate that the NNLO three and four parton contributions to neutralino decay into a gluino and massless partons display the same singularity structure as final state observables containing adjacent quark-gluon pairs, provided that the colour factors are adjusted correctly. It is therefore possible to construct colour-ordered quark-gluon antenna functions from the neutralino decay matrix elements derived here from the effective Lagrangian density (2.1).
Conclusions and Outlook
QCD antenna functions describe the behaviour of QCD matrix elements in their infrared singular limits, corresponding to soft or collinear parton emission. They are constructed so that they describe all singular limits arising from emission of unresolved partons in between the two colour-connected hard partons that define the antenna. The quark-antiquark antenna function is directly related to the physical matrix elements for γ * → qq+gluons. However, up to now, the NLO quark-gluon and gluon-gluon antenna functions [6] were constructed by starting from the quark-antiquark antenna function and adding terms to match the remaining limits contained in them. It does not appear feasible to extend this procedure to higher orders.
In this paper, we demonstrated that quark-gluon QCD antenna functions to all orders can be derived from an effective Lagrangian describing the decay of a massive neutralino into a massless gluino and the gluon field. In the colour ordered formalism underlying the antenna functions, the Majorana nature of the gluino allows it to appear simultaneously as quark and as antiquark. We demonstrated that the physical neutralino decay matrix elements reproduce the singular structure of QCD quark-gluon antenna functions at NLO and NNLO. We extracted the infrared structure for decay kinematics, as required for jet observables without partons in the initial state. By analytic continuation, the matrix elements derived here can also be continued to production (leading order process contains partons only in the initial state) or scattering (leading order process contains partons in initial and final state) kinematics, where they have to be integrated over the appropriate phase spaces.
All QCD antenna functions can be derived (as opposed to constructed) from physical matrix elements: quark-antiquark antennae from the decay of a virtual photon into partons, quark-gluon antennae from neutralino decay into gluino plus partons and finally gluon-gluon antennae from Higgs boson decay into partons through the effective Lagrangian [26] coupling the Higgs field to the gluonic field strength tensor. The NNLO antenna subtraction functions obtained through this procedure will be reported in a subsequent publication [27] .
